We present a new method for finding isolated exact solutions of a class of non-adiabatic Hamiltonians of relevance to quantum optics and allied areas. Central to our approach is the use of Bogoliubov transformations of the bosonic fields in the models. We demonstrate the simplicity and efficiency of this method by applying it to the Rabi Hamiltonian. 
I Introduction
There exists a class of simple, non-integrable, adiabatic Hamiltonians of the type that find application as models of light-matter interactions, for which it is possible to find exact isolated solutions. Generally these models involve some atomic system, typically characterised by a simple two-level (or multi-level) system, interacting with a number of bosonic fields. Making the familiar rotating-wave approximation usually renders these models completely soluble, but avoiding this approximation maintains the nonintegrability of the models, and gives rise to the possibility of isolated exact solutions. This was first demonstrated for the Jahn-Teller model by Judd [1] , and these solutions are often referred to as Juddian solutions. Probably the simplest model for which these solutions have been found is the Rabi Hamiltonian (RH), which describes a two-level atom interacting with a single-mode bosonic field via a dipole interaction [2] . The Juddian solutions of the RH were first discovered by Reik and co-workers [3] , where they were seen to occur at the level crossings in the energy schema of the system. This turns out to be a general and important feature of these solutions.
Apart from being of interest for what they tell us about the structure and symmetries of these models, the Juddian solutions are of considerable further value. Simple quantum optics and related models, such as the RH, have long been utilised as test cases for various calculational techniques [4] [5] [6] , and the possession of exact solutions facilitates their accurate assessment. Furthermore, the existence of isolated exact solutions in non-integrable quantum models is also of interest from the perspective of studying possible quantum chaos in such systems [7, 8] . In addition, it is hoped that these exact solutions may serve as useful starting points for perturbative treatments of the entire spectra of these models.
In this paper we present a new and more general method for finding these isolated exact solutions, which we believe to have several advantages over the methods hitherto employed. Judd and Reik, working in the Bargmann representation, have used power series and Neumann series Ansätze for the field mode. Neither of these approaches is particularly intuitive and the resulting algebra can become complicated. Kùs and Lewenstein [9] have given a more concise approach which, as we describe later, is clearly related to the method that we describe here. For models such as the RH they used Bargmann representation Ansätze for the field consisting of a finite number of bosonic excitations on top of a coherent state. They have also extended their method to some further systems, such as a three-level system and an auto-ionising ion.
We believe that the method we outline in this paper is both more intuitive and more efficient that those discussed above, and that it reflects the essential physics of the systems to a greater degree. At the heart of the method is a simple canonical transformation of the bosonic field operators of the models.
This transformation suggests the existence of exact solutions in a most direct manner. Our method also has the advantage that it is easy to generalise, and is readily able to be extended to "two-photon" type interactions, in which two photons are required to induce an atomic transition [10] .
The remainder of this paper is organised as follows. In Sec. II we outline our method for finding the Juddian solutions. We describe in some detail the theory of Bogoliubov transformations of a boson mode and pay particular attention to their relation to the coherent and squeezed states. We then use these transformations to investigate the displaced and squeezed harmonic oscillators, to develop insight into the reasoning behind this approach. In Sec. III we apply this method to the Rabi Hamiltonian, as an example of the use of this method. We then finish with some conclusions and indications of further work.
II Methodology
The models that we consider here consist of an atomic system interacting with one or more bosonic modes. Each of these modes is described by annihilation and creation operators, b and b † respectively, which obey the usual commutation relation,
In general the atomic system will be described in terms of a set of matrices. For example, the two-level system in the RH is described by the SU(2) Pauli matrices.
Our method for finding exact isolated solutions for such systems involves two components. First, one must choose an appropriate representation for the atomic matrices and then, crucially, one performs a Bogoliubov transformation of the operators of the field mode. The nature of this transformation depends upon the type of interaction being considered and, with the correct choice of parameters, it leaves the Schrödinger equation in a form that admits exact solution with very simple Ansätze.
II.1 Bogoliubov transformations
A Bogoliubov transformation is a transformation from one description of a field mode in terms of the bosonic operators, b and b † , to a description in terms of new bosonic operators,b andb † , say. This transformation is canonical so that the new operators obey the same commutation relation as the old ones, namely
The most general linear Bogoliubov transformation may be viewed as a rotation plus translation of the original oscillator Hilbert space to the new oscillator space,
where σ and z are complex numbers describing the amplitudes of the rotation and translation respectively. β is a simple, and usually rather unimportant, phase factor. From the outset it is important to note the restriction |σ| < 1 in order to preserve the unitarity of the transformation. In the following we consider two specialisations of this transformation, namely a pure translation and a pure rotation.
These transformations may be very simply related to the familiar coherent and squeezed states of quantum optics and it is from this standpoint that we introduce the transformations.
II.2 Coherent bosons
The usual Glauber coherent states, |z , may be defined as eigenkets of the single-mode bosonic annihilation operator [11] ,
where z is a complex number. Such states are readily constructed as the following equivalent forms,
where we have normalised the coherent state such that z|z = 1. The exponential operator in Eq. (6) is denoted as follows,
and is called the displacement operator. It is a unitary operator and we may readily use it to perform a unitary transformation of the field operators,
The operators D (z) form a representation of the Weyl (or Heisenberg-Weyl) group when multiplied by a trivial phase factor exp (iφ), with φ real. The operators a and a † obey the same commutator relation as the original operators, and thus we see this transformation to be a Bogoliubov transformation of the type described as a pure translation above. Equations (4) and (8) clearly imply
from which we see that the operator a annihilates the coherent state |z . Thus |z may be considered as the vacuum state of the a-type bosons, and we rewrite it accordingly as |0; z ≡ |z ,
We shall call these a-type bosons "coherent bosons" and write their number states as |n; z , such that a † a|n; z = n|n; z .
II.3 Displaced harmonic oscillator
The simplest application of the coherent bosons is to the displaced harmonic oscillator,
in which the centre of the oscillator is shifted by an amount − √ 2λ. Introducing the harmonic oscillator operators via
the Hamiltonian reads
By performing a Bogoliubov transformation of the original bosonic operators to a new set of coherent bosons, a † and a, such that
we may rewrite the Hamiltonian of Eq. (13) in the form
The eigenstates of this Hamiltonian are thus clearly seen to be the number states of the a-type bosons, with corresponding eigenenergies E n = n + 
II.4 Squeezed bosons
Following Bishop and Vourdas [12] we construct the most general squeezed state, |z; ρ, θ, β , by acting upon the bosonic vacuum |0 first with the displacement operator D (z) of Eq. (7) and then with the pure squeezing operator S (ρ, θ, β),
The squeezing operator is given by
where ρ, θ, β are real parameters. It is a unitary operator, S † S = 1, and provides a representation of the group SU(1,1). Using a relationship given by Perelomov [13] , we are able to write the squeezing operator in the equivalent form
where β is the same real parameter as above, and σ is a complex number with modulus |σ| < 1, given by σ ≡ −e −iθ tanh 1 2 ρ . Using this expression, we can use the squeezing operator to make unitary transformations of the bosonic annihilation and creation operators,
The operators c and c † satisfy the commutation relation c, c † = 1 and thus the transformation 
Equation (20) implies that Sb = cS and hence |z; σβ ≡ |z; ρθβ are eigenstates of the annihilation operator c,
If we consider the squeezed vacuum S|0 = |0; σ, β = |0; σ , we see that it is independent of β and that c|0; σ = 0.
The number states of the c-type bosons are denoted |n; σβ , such that c † c|n; σβ = n|n; σβ . We call the c-type bosons "squeezed" bosons.
II.5 Squeezed harmonic oscillator
In position representation the squeezed harmonic oscillator has the form
where the real parameter λ determines the degree of squeezing, with the restriction that |λ| < 1 2 . Translating this into the standard bosonic representation defined by Eq. (12) we have
We introduce squeezed c-type bosons defined by
and leave σ real but undetermined for the moment. Making these substitutions into Eq. (24), we have
We eliminate the first term in this Hamiltonian by choosing
giving, as one of the two solutions,
With this choice, the Hamiltonian becomes
The eigenstates of this Hamiltonian are clearly the number states of the squeezed c-type bosons, with
We note that the other solution of Eq. (27) with σ = (1+Ω) 2λ
leads to the unphysical oscillator with
2 Ω, and since this Hamiltonian does not have square-integrable solutions, we discard it.
III Application to the Rabi Hamiltonian
The Rabi Hamiltonian (RH) describes a two-level atom interacting with a single mode of quantised electromagnetic radiation via a dipole interaction [2] . It is usually written in the form
where ω 0 is the atomic level splitting, ω is the frequency of the boson mode and g is the coupling strength of the atom to the field. The two-level atom is described by the Pauli pseudo-spin operators, which satisfy the SU(2) commutation relations
where k, l, m ∈ {x, y, z} with k = l and ε klm is the anti-symmetric Levi-Civita symbol. We have defined the raising and lowering operators as
It is convenient to rescale the Hamiltonian as H Rabi = ωH Rabi , wherẽ
andω ≡ ω0 2ω and λ ≡ 2g ω . There is a conserved parity Π associated with the Hamiltonian,
such that [H Rabi , Π] = 0. The parity operator Π has two eigenvalues, π = ±1. The RH is not known to be integrable, but isolated exact solutions do exist. Here we use the technique outlined above to find these Juddian solutions.
In order to do this we first require an appropriate matrix representation for the Pauli matrices, which for this model is one in which σ x is diagonal. We shall use
In terms of the two-component wavefunction, |Ψ = |Ψ1 |Ψ2
, the time-independent Schrödinger equation for the system,H Rabi |Ψ = E|Ψ , then reads
We now make the Bogoliubov transformation to the coherent bosons, a † and a, specified by
The vacuum state of these bosons is the coherent state |λ . It should be noted that this choice of transformation may be intuited from considering theω = 0 limit of the Hamiltonian, where the same transformation is used to solve the model exactly in this limit, which is essentially equivalent to the displaced oscillator considered earlier. With this transformation Eqs. (37) becomẽ
where the kets |Ψ 1,2 are now in the transformed representation. For these kets we choose the Ansatz
where |n; λ are number states of the coherent bosons, a † a|n; λ = n|n; λ , and we have introduced the polynomials P N −1 and Q N of order N − 1 and N respectively. Making these substitutions we havẽ
Considering the highest number state, |N ; λ , in the second of these equations, we see that for this equation to hold we require
Since q N = 0 by Ansatz, we obtain a determination of the energy 
as have been given by Kùs and Lewenstein [9] . Thus, for a given N , we have a polynomial of N th order in λ 2 andω 2 . Each of these has N roots for λ 2 in terms ofω 2 , which all turn out to be real, thus giving the location of N Juddian solutions. Before we look at these results, it is of interest to consider the other possible type of finite Ansatz at the Juddian points. These are found by using the coherent bosons
and interchanging the roles of |Ψ 1 and |Ψ 2 .
III.1 Results
By solving the complementary conditions we have calculated the first ten Juddian points for the resonant RH. These are displayed in Table 1 , listed to 10 decimal places.
The location of these Juddian points in the energy schema of the Hamiltonian is displayed in Figure 1 , where the schema was obtained by approximate numerical diagonalisation via a standard configurationinteraction method, using a basis size of the lowest 101 harmonic oscillator states [14] . Also plotted are the Juddian baselines from Eq. (43).
From Fig. 1 we see that the Juddian points occur at the level crossings in this diagram. Thus we see that they occur when two solutions of different parity Π become degenerate in energy, and this degeneracy is the key to the existence of the Juddian solutions. The coherent-boson number states |n; λ are not eigenstates of Π, and thus the Ansatz (40) is not of definite parity. It is precisely because we can construct wavefunctions of mixed parity that allows us to find such simple Ansätze at the Juddian points.
We are now able to make explicit the connection between this method and that used by Kùs and Lewenstein [9] in investigating the RH. They worked in the Bargmann representation [15] , in which the bosonic operators are represented by
and postulated the following forms for the two components of the wavefunction: Lewenstein polynomial can be written
which, crucially, contains both z and its derivative, and although formal relationship do exist between the polynomials of the two methods, these relationships are generally not trivial, especially if one considers the more general form of the Bogoliubov transformation. So the Ansätze of the two methods are seen to be significantly different, and we conjecture that the one described here has several advantages which we shall discuss in the conclusion.
IV Conclusions
We have presented a method for finding isolated exact solutions of a class of non-adiabatic models, of the type frequently used in quantum optics and related fields.
Compared with the original approaches of Judd and Reik, the above method is more transparent and considerably simpler, advantages that it shares with the technique of Kùs and Lewenstein. However, we believe that the use of transformed bosons is more obviously physically meaningful than the use of wavefunctions in Bargmann space, especially given the connection of these bosons to the coherent and squeezed states, so important in quantum optics. 
Using squeezed bosons we are able to obtain a set of Juddian solutions for this model and these results will be discussed in a future publication.
Due to the intuitive nature and simplicity of this technique it is easy to extend to other systems. For example, in view of their mode of construction we expect that our displaced and squeezed coherent states will be of particular use in any quantum field theory that has underlying dynamical symmetry of the Weyl group or the SU(1,1) group, or to which the (inhomogeneous or homogeneous) Bogoliubov transformation may be profitably applied. The obvious group-theoretical foundations of the technique also point the way to other approximations, since, for example in the squeezed (two-photon) case, SU(1,1) is not the only relevant group. Thus, the three-dimensional Lorentz group SO(2,1), which is the group of rotations in three-dimensional Minkowski space with two space and one time dimensions, is locally isomorphic to SU(1,1). Similarly, both the groups SL(2,R) of real second order matrices with unit determinant and the symplectic group Sp(2,R) are also locally isomorphic to SU(1,1).
One may also readily generalise the current approach for the two-level models involving linear or 
